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We prove Poincare´-type estimates involving the Hodge codiﬀerential operator and
Green’s operator acting on conjugate A-harmonic tensors.
1. Preliminary
In a survey paper [1], Agarwal and Ding summarized the advances achieved in the study
of A-harmonic equations. Some recent results about A-harmonic equations can also be
found in [2, 3, 5, 6]. The purpose of this note is to establish some estimates about Green’s
operator and the Hodge codiﬀerential operator d∗, which will enrich the existing litera-
ture in the field of A-harmonic equations.
Let Ω be a connected open subset of Rn, n≥ 2, B a ball in Rn and ρB denote the ball
with the same center as B and with diam(ρB)= ρdiam(B). The n-dimensional Lebesgue
measure of a set E ⊆ Rn is denoted by |E|. We call w a weight if w ∈ L1loc(Rn) and w > 0
a.e. For 0 < p <∞ and a weight w(x), we denote the weighted Lp-norm of a measur-
able function f over E by ‖ f ‖p,E,wα = (
∫
E | f (x)|pwαdx)1/p, where α is a real number. Let
Λl = Λl(Rn) be the linear space of all l-forms ω(x) =∑I ωI(x)dxI =∑ωi1i2···il(x)dxi1 ∧
dxi2 ∧ ··· ∧ dxil , l = 0,1, . . . ,n. Assume that D′(Ω,Λl) is the space of all diﬀerential l-
forms and Lp(Ω,Λl) is the space of all Lp-integrable l-forms, which is a Banach space
with norm ‖ω‖p,Ω = (
∫




I |ωI(x)|2)p/2dx)1/p. We denote the ex-
terior derivative by d : D′(Ω,Λl)→ D′(Ω,Λl+1) for l = 0,1, . . . ,n− 1. Its formal adjoint
operator d∗ : D′(Ω,Λl+1)→ D′(Ω,Λl) is given by d∗ = (−1)nl+1∗d∗ on D′(Ω,Λl+1), l =
0,1, . . . ,n− 1, where ∗ is the Hodge star operator. We call u and v a pair of conjugate
A-harmonic tensor in Ω if u and v satisfy the conjugate A-harmonic equation
A(x,du)= d∗v (1.1)
in Ω, where A : Ω × Λl(Rn) → Λl(Rn) satisfies conditions: |A(x,ξ)| ≤ a|ξ|p−1 and
〈A(x,ξ),ξ〉 ≥ |ξ|p for almost every x ∈Ω and all ξ ∈Λl(Rn). Here a > 0 is a constant. In
this paper, we always assume that p is the fixed exponent associated with (1.1), 1 < p <∞
and p−1 + q−1 = 1.
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The following weak reverse Ho¨lder inequality about d∗v appears in [3].
Lemma 1.1. Let u and v be a pair of solutions of (1.1) in Ω, σ > 1 and 0 < s, t <∞. Then
there exists a constant C, independent of v, such that ‖d∗v‖s,B ≤ C|B|(t−s)/st‖d∗v‖t,σB for all
balls B with σB ⊂Ω.
Setting the diﬀerential form u = d∗v in [2, Corollary 2.6], we obtain the following





Definition 1.2. A weight w(x) is called an Ar-weight for some r > 1 on a subset E ⊂ Rn,





















for any ball B ⊂ E.
We also need the following well-known reverse Ho¨lder inequality for Ar-weights.
Lemma 1.3. If w ∈ Ar , then there exist constants β > 1 and C, independent of w, such that
‖w‖β,B ≤ C|B|(1−β)/β‖w‖1,B for all balls B ⊂Rn.
The following generalized Ho¨lder inequality will be used repeatedly in this paper.
Lemma 1.4. Let 0 < α <∞, 0 < β <∞, and s−1 = α−1 + β−1. If f and g are measurable
functions on Rn, then ‖ f g‖s,E ≤ ‖ f ‖α,E · ‖g‖β,E for any E ⊂Rn.
The following lemma appears in [6].
Lemma 1.5. Let u and v be a pair of solutions of (1.1) in a domain Ω. Then, there exists a
constant C, independent of u and v, such that
‖du‖pp,D,wα ≤
∥∥d∗v∥∥qq,D,wα ≤ C‖du‖pp,D,wα (1.4)
for any subset D ⊂Ω. Here w is any weight and α > 0 is any constant.
2. Main results and proofs
Now, we prove the following Ar-weighted Poincare´-type inequality for Green’s operator
G acting on solutions of (1.1).
Theorem 2.1. Let u and v be a pair of solutions of (1.1) in Ω, and assume that ω ∈ Ar(Ω)
for some r > 1, σ > 1, 0 < α≤ 1, and 1+ α(r − 1) < q <∞. Then, there exists a constant C,





for all balls B with σB ⊂Ω.
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∥∥d∗v∥∥s,B ≤ C2|B|(t−s)/ts∥∥d∗v∥∥t,σB (2.3)
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∥∥d∗v∥∥qq,σB,wα ≤ C6‖du‖pp,σB,wα . (2.8)
We have proved that (2.1) is true if 0 < α < 1.
Next, we show that (2.1) is also true for α = 1. By Lemma 1.3, there exist constants
β > 1 and C7 > 0, such that
‖w‖β,B ≤ C7|B|(1−β)/β‖w‖1,B (2.9)
for any ball B ⊂ Rn. Choose s= qβ/(β− 1), then 1 < q < s and β = s/(s− q). Since 1/q =

































∥∥d∗v∥∥s,B ≤ C10|B|(t−s)/st∥∥d∗v∥∥t,σB. (2.11)





















































































∥∥d∗v∥∥qq,σB,w ≤ C17‖du‖pp,σB,w. (2.16)
This ends the proof of Theorem 2.1. 
For any weight w, we define the weighted norm of ω∈W1,p(Ω,Λl,wα) in Ω by
‖ω‖W1,p(Ω),wα = diam(Ω)−1‖ω‖p,Ω,wα +‖∇ω‖p,Ω,wα , 0 < p <∞. (2.17)
Now we can give the following Sobolev norm estimates for Green operator in terms of
Hodge codiﬀerential operator.
Theorem 2.2. Let u and v be a pair of solutions of (1.1) in Ω, and assume that ω ∈ Ar(Ω)
for some r > 1, σ > 1, 0 < α≤ 1, and r < p <∞. Then, there exists a constant C, independent





for all balls B with σB ⊂Ω. Here α is any constant with 0 < α≤ 1.
Proof. We know that Green’s operator commutes with d in [4], that is, for any smooth
diﬀerential form u, we have dG(u)= Gd(u). Since |∇ω| = |dω| for any diﬀerential form
ω, we have ‖∇G(u)‖p,B = ‖dG(u)‖p,B = ‖G(du)‖p,B ≤ C1‖du‖p,B from [2, Lemma 2.1].






















≤ diam(B)−1 ·C2 diam(B)‖du‖p,σ1B,wα +C3‖du‖p,σ2B,wα
≤ C4‖du‖p,σB,wα ,
(2.20)
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here σ =max(σ1,σ2) with σB ⊂M. Applying Lemma 1.5 and (2.20), we conclude that
∥∥G(u)− (G(u))B∥∥pW1,p(B),wα ≤ C5‖du‖pp,σB,wα ≤ C5∥∥d∗v∥∥qq,σB,wα . (2.21)
Therefore, we have completed the proof of Theorem 2.2. 
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